Many common amphiphiles spontaneously self-assemble in aqueous solutions, forming membranes and unilamellar vesicles. While the vesicular membranes are bilayers, with the hydrophilic moieties exposed to the solution, the structure formed by amphiphiles at the oil-water (i.e., alkane-water) interfaces, such as the surface of an oil droplet in water, is typically a monolayer. It has recently been demonstrated that these monolayers and bilayers may crystallize on cooling, with the thermodynamic conditions for this transition set by the geometry of the constituent molecules. While a planar hexagonal packing motif is particularly abundant in these crystals, a hexagonal lattice is incompatible with a closed-surface topology, such as a closed vesicle or the surface of a droplet. Thus, (at least) 12 five-fold defects form, giving rise to a complex interplay between the stretching and the bending energies of these two-dimensional crystals; in addition, a central role is also played by the interfacial tension. This interplay, part of which has been theoretically studied in the past, gives rise to a range of unexpected and counterintuitive phenomena, such as the recently-observed temperature-tunable formation of stable liquid polyhedra, and a tail growing and droplet-splitting akin to the spontaneous emulsification effect.
Introduction
Emulsion droplets and surfactant vesicles are both closed-form objects dispersed in a continuous phase. They differ, however, in their structure (the former being a liquid aggregate of molecules while the later-an empty shell-like object), in their thermodynamics (as we discuss below), and in many other properties. Yet, they have one attribute in common: both are stabilized by a layer of surfactants at their interface with the continuous phase. This property renders them capable of assuming closed faceted shapes, on which we focus this brief review.
Surface tension γ, the excess free energy per unit area of an interface over the bulk [1] is one of the most important properties of a liquid. In particular, since γ N 0, a droplet free from external forces will adopt a spherical shape to minimize its surface area A and, thus, its free energy γA [2
••
]. The wetting properties of liquids, their mutual miscibility, and wave dynamics at their interfaces, are all determined by γ [1] . The archetypical immiscible liquids interface, the oil-water one, has a long and distinguished history dating from Hammurabi's codex(18th century BCE) [3] , through Aristotle (4th century BCE) and Pliny the Elder (1st century CE), to Benjamin Franklin's celebrated Clapham pond experiment (18th century CE) [4] . Most modern era methods for tuning γ of the oil-water interfaces employ surfactants. These amphiphilic molecules are admixed to one of the bulk phases and lower γ by preferentially adsorbing to the interface.
The simplest amphiphiles, e.g. SDS (sodium dodecyl sulfate), CTAB (cetyltrimethylammonium bromide), long-chain alcohols and fatty acids, consist of a hydrophilic headgroup and a single hydrophobic alkyl tail of length m ≤ 18. The tails are kinked and flexible above the chain melting temperature and linear, fully extended, below it [5] . The equal-charge headgroups Coulomb-repel, while the extended chains van-der-Waals-attract, each other. Thus, the former inhibit, while the latter promote, close packing of the surfactant molecules in the interfacial layer. The balance is usually tipped against attraction-promoted layer crystallization by the steric hindrance of the larger-cross-section headgroups, which efficiently prevents close contacts between chains. However, the packing efficiency dramatically improves when a second component is present. This so-called 'cocrystallizing agent' may be an oppositely-charged surfactant or even a simple linear oil molecule (alkane, H(CH 2 ) n H) capable of interdigitating between the fullyextended alkyl tails, thus improving the packing efficiency and maximizing the van der Waals interactions [6] (see Fig. 1 ).
When cocrystallization is possible, the surfactant tends to form various (quasi-) planar structures [1] , where the radius of curvature (if finite) is larger by several orders of magnitude, compared to the molecular dimensions. In a bulk solution, the surfactant and the cocrystallizing agent will typically form a bilayer membrane, which may close on itself forming a vesicle typically of 0.1-10 μm in size [7 monolayer forms [2,9
• ,11]. These mono-and bi-layers melt when heated to some temperature T s . For T N T s , the alkyl tails are highly kinked and disordered. For T b T s , the alkyl tails are fully extended and form a (quasi-) two-dimensional hexagonal lattice [2,7-10
For non-planar interfaces topology steps in: while hexagons can perfectly tile a flat surface, Euler's formula decrees that at least 12 pentagons must be also included for perfectly tiling the surface of a sphere by hexagons [12] [13] [14] [15] . This is why soccer balls have 12 pentagonal patches, in addition to the hexagonal ones. In a crystalline hexagonal lattice tiling a sphere, the 12 five-coordinated sites constitute defects which incur large extensional stresses with associated energy proportional to the total lattice area [12, 16 •• ]. The stress is minimized by maximizing the defect separation [15] , placing them at the vertices of an inscribed icosahedron, as for 12 electrons freely moving on a spherical surface, in Thomson's model of the atom [15] . The extensional stress can be relaxed by defect buckling, which reduces significantly the local radius of curvature at the defect location [16] , and the energy's area proportionality -to a logarithmic dependence. However, buckling also incurs energy penalties for the crystalline layer's bending [16] and for the increase in the surface area imposed by the volume conservation for droplets, though not for vesicles [2] . When these penalties are small, the buckling of the 12 maximally-separated defects may form connecting ridges, and the droplet or the vesicle (Figs. 2(b) and 3, respectively) assumes an icosahedral shape. We believe this to be the only known physical mechanism causing a liquid droplet to assume spontaneously a faceted shape, while still remaining liquid (except for a~2 nm-thick crystallized interfacial monolayer) [2] . We also note that stress relaxation is also possible by the Euler-formulaallowed creation of additional pairs of 5-and 7-fold defects, which may form string-like grain-boundaries, known as 'scars' [12] .
Faceting and other dramatic effects of interface cocrystallization in vesicles and droplets are the focus of this review. Sections 2-4 summarize the main experimental results on faceting in vesicles, where the cocrystallization is achieved by mixing two different surfactants, and in oil-in-water emulsion droplets, where a reversible, temperaturetuned, faceting transition was observed, as well as growth of tail-like protrusions at low temperatures. Section 5 summarizes the different theoretical models and research directions in this field. Finally, in Section 6 we provide some concluding remarks.
It is usual for short reviews as this to be somewhat subjective. Ours is probably not an exception. Length and scope constraints, not lack of importance, also limited the choice of material included. The present topic impacts on a broad range of fields and subjects, from virology and bacteriology to material engineering and applications. A more complete view of these different fields may be obtained from the publications listed in the Bibliography.
Faceting of vesicles
Unilamellar vesicles, empty, closed bilayer membranes of surfactant molecules in a solvent, form spontaneously in a wide range of different surfactant solutions [17, 18] . For such vesicles to form, the effective cross-section of the hydrophilic headgroup must be comparable to that of the hydrophobic moiety. This is the reason why many doublechained surfactants tend to form vesicles [1, 19] . By cocrystallization of two single-chain surfactants, the headgroups of which are oppositely charged in water, the effective combined headgroup cross-section is dramatically reduced, thus allowing an efficient chain packing and a spontaneous assembly of vesicles.
This road to vesicle self-assembly has been documented by Zemb et al. in mixtures of cationic and anionic surfactants, called 'catanionics' [25] . [7, 8, 20] . Employing surfactants with OH − and H + counterions, salt free, or "true" catanionics [21] are obtained, yielding faceted, icosahedrallyshaped vesicles [7, 8] . The absence of salt renders the conductivity much lower, and the Debye length much larger, than those due to saltforming counterions at the same concentration. As the Debye length in this system is unusually large for an aqueous solution (~100 nm), longrange Coulomb interactions have been first believed to play a central role in determining the shape of these faceted micron-size vesicles [7, 8, 20, 22] . However, the observation of faceted vesicles in salt-forming catanionic systems of short Debye lengths [23-25 • ], suggests a different, presently unknown, faceting mechanism [26 • ]. While their Debye lengths vary greatly, all systems exhibiting faceted vesicles comprise long alkyl tails, which must be in their extended, frozen state for faceting to occur [19, 20] . The only exception, where fluid polyhedral vesicles were claimed, included fluorinated tails, where amphiphobic interactions may have been complicating the behavior [27] . With extended alkane molecules known to form hexagonally-packed surface crystals [5, 9] , the in-plane structure of the frozen alkyl tails of catanionic bilayers [20] must also be hexagonal. In a non-planar topology with small bending energy and buckling penalties this should lead to 5-fold defects and their buckling, as discussed above, yielding icosahedral vesicles, with flat facets separated by sharp ridges and vertices [16] , as indeed observed [7, 8] . Furthermore, certain surfactant combinations and impurities, facilitating formation of defect scars, grain boundaries, or inducing elastic heterogeneities, may lead to partly faceted shapes instead of perfect icosahedra, as also observed [23, 24, 27, 28 •• ,29
•• ]. Thus, while a direct confirmation of the buckling mechanism in the bilayer membrane of faceted vesicles is still missing, a qualitative comparison of all systems where faceted vesicles and droplets [2] occur, strongly suggests that the icosahedral shapes are due to the alkyl tails' packing being hexagonal.
An important note on thermodynamics
Before we discuss the faceting phenomena in liquid droplets, a general distinction between the thermodynamics of vesicles and of liquid droplets must be made. In thermodynamic equilibrium, the population of vesicles of each size is set by the requirement that the chemical potential in the vesicle is equal to that of the water-dispersed monomers (and of all other surfactant aggregates which may be present in the system). Changing the external parameters of the system, such as the temperature and the concentration of monomers, tweaks the size distribution of the vesicles. However, for a given set of the external parameters, the total summed bulk volume of all vesicles is spontaneously adjusted by the thermodynamics. In contrast, in an emulsion, the droplets' size distribution and the total volume are fixed by the preparation process. This very important difference between vesicles and emulsion droplets allows for a different set of control knobs for the two systems. In particular, the interfacial tension γ plays a central role in the shape determination of liquid droplets, while being irrelevant for the shapes of the vesicles.
Faceting of liquid droplets
The only system where droplet faceting has hitherto been systematically studied experimentally is an oil-in-water emulsion [2] , where the oil is a normal alkane (hexadecane, Fig. 1 ), and the droplets are stabilized against coalescence by the cationic surfactant C 18 TAB (octadecyltrimethylammonium bromide, Fig. 1 ). The interfacial layer stabilizing the droplets was first detected at planar alkane-water [11, 10] and air-water [9] interfaces, where, at T N T s , it exists as an admixed alkane-surfactant interfacial monolayer consisting of a liquid of kinked and disordered alkanes and surfactants' alkyl tails [ Fig. 4(a) ]. Atomic resolution synchrotron x-ray measurements reveal that upon freezing at T = T s the monolayer becomes a hexagonally-packed crystal, comprising surface-normal, fully-extended alkanes and surfactant tails, and having large, up to mm-size, crystalline coherence lengths [ Fig. 4(b) ]. At the alkane-water interface, this cocrystallized monolayer coexists, unchanged, with the liquid bulk phase of the same alkane [10, 11] over the range T f b T b T s , where T f is the bulk alkane freezing temperature. This coexistence allows an exchange of alkane molecules between the surface and bulk phases.
The value of T s in these systems is a function of the alkane and surfactant tail lengths, and of the surfactant concentration, c. Therefore, a significant control over the droplet faceting phenomena may be achieved, provided that these phenomena occur over the whole range of lengths allowing cocrystallization. Preliminary studies by the present authors suggest that this is indeed the case [2] , with similar phenomena occurring not just for different-length homologs of C 18 TAB, but also for other alkyl-tail-bearing surfactants, e.g. SDS homologs. These observations suggest that the non-equilibrium faceted droplet shapes detected very recently in other alkane-surfactant systems (mostly of incompletely characterized purity) and interpreted as being driven by an incomplete bulk freezing [30 • ], are in fact not frozen but liquid, with the faceting driven by the same mechanism as in our case.
Understanding faceting in emulsion droplets requires an in-depth consideration of the droplet's interfacial tension γ in relation with its better-studied flat-interface counterpart. γ is defined as the work done to increase the surface by a unit area [1] . To do so in the fixedvolume emulsion droplet entails moving molecules from the bulk to the surface. The work done in moving a single molecule is γA 0 = Δμ, where A 0 is the interfacial area occupied by the molecule and Δμ = μ s − μ b is the excess surface chemical potential over the bulk's [31] . This relation yields the excess entropy of an interfacial alkane molecule as ΔS i = − A 0 dγ(T)/dT, which is a directly measurable quantity. Since the entropy at a liquid surface is usually higher than in a liquid bulk, ΔS i N 0, and a negative slope is expected for γ(T), and indeed found for most liquids. However, if the surface crystallizes, the surface entropy reduces below that of the bulk, rendering ΔS i b 0 and switching the sign of dγ(T)/dT; see Fig. 5 . Thus, an observed negative-to-positive change in dγ(T)/dT indicates a freezing of the surface, and the corresponding temperature is T s . Moreover, for an n-carbon alkane the change in dγ(T)/dT at T s is determined by the number of the molecule's conformational degrees of freedom [5] ,~3 n − 2 . When all freeze out the entropy loss is~− k B (n − 2)log 3. Thus, the change in dγ(T)/dT also yields the number of molecules involved, i.e. the number of interfacial layers frozen.
These predictions were indeed confirmed by γ(T) measurements for flat [10, 11] and mm-size-drop [2] interfaces of alkanes with C m TAB surfactant solutions. The loss of interfacial entropy at T s relative to that of the liquid interface [10, 11] , as also the entropy loss on bulk crystallization as obtained by calorimetry [5] , are both very close to the above estimate of ΔS i ≈ − k B (n − 2)log 3. Moreover, a recently developed technique for an in-situ measurement of γ(T) in emulsion droplets yields the same ΔS i as well [2] . These measurements confirm therefore that only a single cocrystallized alkane-C m TAB monolayer forms at the interface: if N layers had been formed, ΔS i would have been N-fold larger [32] . Finally, the fact that the slope of γ stays constant below T s for a broad T-range indicates that the monolayer structure is unchanged, in agreement with the x-ray measurements at planar interfaces [10] .
The positive dγ(T b T s )/dT leads directly to the icosahedral shape change. For high surfactant concentrations approaching the critical micelle concentration (CMC), T s is relatively high and γ(T s ) is low (see Fig. 5 ). Thus, if not preempted by bulk freezing at T f , a point may be reached upon cooling where γ(T) is low enough for the droplet shape to be dominated by the elasticity of the interfacially-frozen monolayer [2] . Thus, below this T = T d elasticity renders the droplet icosahedral [ Fig. 2(b) ], with the in-plane stress due to the topological 5-fold defects partially relaxed by their buckling. Above T d droplets are γ-dominated and spherical [ Fig. 2(c)] , with the buckling suppressed by the γΔA term of their free energy, where ΔA is the area difference between the faceted body and a sphere of the same volume. Thus, the droplet's shape can be controlled (reversibly!) by temperature-tuning γ. Remarkably, the large γΔA makes the largest droplets remain spherical, showing just 12 tiny protrusions [ Fig. 2(d) ], down to T SE , where γ vanishes. Such control of shapes by γ is impossible for vesicles. Tweaking the chemical potential of surfactants inside the vesicular membrane allows the fraction of such surfactants, out of the total surfactant concentration c, to be varied; yet, the shape of the vesicles is completely determined by the elasticity of the membrane and its response to an external pressure, if applied [25, 33] .
Arguably, the most dramatic phenomena are observed when the situation depicted in the lowest curve in Fig. 5 occurs. Since dγ/ dT N 0 for T b T s , for a low enough γ(T s ) and high enough T s a critical temperature T SE = T s − γ(T s )/|ΔS i | exists, where γ vanishes, if not preempted by bulk freezing, T f . At T = T SE our macro-emulsion is thermodynamically stable, unlike common kinetically-stabilized macroemulsions. We note that similar phenomena, interpreted in terms of Pickering emulsions, have been previously detected for alkane droplets, stabilized by catanionic surfactant mixtures [34] .
As droplets are cooled below T SE , Δμ becomes negative, with the surface entropy loss being overbalanced by the reduction of intrinsic energy in the cocrystallized monolayer. Thus, transiently, γ(T SE ) b 0, leading to spontaneous growth of the interfacial area. In this regime, active dynamics sets in, with the droplets exhibiting spontaneous splitting [2] and growing of tail-like protrusions from their vertices [ Fig. 2(a) ]. Importantly, while these phenomena have a lot in common with the classical spontaneous emulsification en route to a microemulsion [35] , they are fully driven by the interfacial freezing effect. Thus, sharp and faceted [2] , rather than fuzzy, diffuse, and budding [36, 37] interfaces occur, limited by the significant elasticity of the interfacially-frozen monolayer. Eventually, the incorporation of the surfactant molecules from the bulk solution into the newly created interface reduces the surfactant's bulk concentration, so that the (negative) γ reverts to zero and the thermodynamic equilibrium is reestablished. Moreover, rapid growth of tail-like protrusions may occasionally revert the 'mother'-droplet to a spherical shape [ Fig. 2(a) ], possibly due to formation of surfactant gradients during this rapid dynamics. Although sharp tubular objects have been previously observed in some related systems, it is yet unknown whether the mechanism in these cases is the same as in our case [38, 39] .
While the full physical understanding of the tail-like tubular protrusions formed in liquid droplets at T b T SE , with their cross-sections below the optical resolution [ Fig. 2(a) ], is still to be established, it is highly tempting to speculate that similar physics may be responsible for the formation of membranous intercellular nanotubes, allowing metabolic cross-feeding among some of the common bacteria [40] . We believe that extensive future studies of simple biomimetic model systems, such as the tail-growing liquid droplets, may potentially allow the fundamental physics of morphogenesis to be revealed, at least at the level of bacteria [41] and their colonies.
Faceting of closed crystalline membranes: theoretical models
Significant theoretical effort focused over the years on elucidating the phase behavior of two-dimensional hexagonal crystals, where topological lattice defects play a central role [42] . While the ground state of planar hexagonal crystals does not include any defects, the situation is different for closed membranes. Here, a minimum of 12 five-fold defects (known as 'disclinations') is dictated by the topology, so that significant stresses are present even in the ground state [12] [13] [14] [15] . Whether these . Schematic γ(T) of the oil-water interface, at different C m TAB surfactant concentrations c. The interfacial freezing is observed at T = T s as a sharp slope change in both of the bottom curves. The effect does not occur in the absence of surfactants, i.e. for c = 0 (upper curve), where the interface remains liquid down to the alkane's bulk freezing at T f . The γ(T) slope at T b T s equals the loss in the excess interfacial entropy over the bulk, |ΔS i |. As c approaches the CMC (critical micelle concentration), γ vanishes at T = T SE . Near T SE , γ(T) is small and the interfacial energy is dominated by the elasticity of the frozen interfacial monolayer, so that the liquid emulsion droplets, initially spherical [see confocal reconstruction in Fig. 2(c) ], deform into icosahedral shapes (Fig. 2(b) ). Transient negative values of γ, at T b T SE , drive an increase in the interfacial area of the droplets by, e.g., producing nano-coils emanating from a large emulsion droplet in Fig. 2(a) . stresses can be relaxed by defect buckling, depends on the Föppl-von Kármán (FvK) number, Γ νK ≡Y 2D R 2 /κ, where Y 2D is the two-dimensional Young modulus, κ is the bending modulus, and R is the radius of the spherical membrane. The limit of Γ νK → ∞, where the bending energy is negligible and/or stretching is completely prohibited, is demonstrated in Fig. 6 , employing a paper model. Here, the mismatch in a planar lattice, due to the presence of a five-fold defect, is cured by an out-of-plane buckling of the lattice [43] . In a more realistic situation of finite Γ νK , the buckling has been predicted [16] to occur for Γ νK = Γ b νK ≈ 150. For a spherical geometry, where 12 disclinations are dictated by Euler's theorem, the buckling transition, albeit slightly more rounded, is still taking place [16] at Γ νK = Γ b νK ; interestingly, an almost two-fold larger value of Γ b νK is quoted in some other studies for exactly the same model and the same conditions [44, 45] . For a full account of the theoretical studies of closed crystalline membranes, beyond the scope of the current paper, the reader is referred to the detailed reviews of this exciting field by Bowick and others [29, 46] . The main approaches to the modeling of the buckling transition in these systems include: continuum-level analytical elasticity arguments [16, 45, 46] , numerical energy minimization of a discretized Hamiltonian [2, 14, 16, 29, 44, 45, 47] , or finite-temperature Monte-Carlo simulations of a discretized membrane composed of tethered hard spheres [28] . While the energy minimization is strictly valid only at T = 0 K, it seems that the elastic constants in (at least) some of the relevant experimental systems are sufficiently large to justify this choice [2] . In some computer studies of the discretized model, the defects' positions are fixed ('frozen'), with the triangulation of the membrane preserved; thus, screening of elastic stresses by the creation of pairs of 5-fold and 7-fold defects was not allowed [2, 14, 16, 29, 44, 45] . This choice is probably justified for
, where the dominant stress relaxation mechanism is the buckling. Indeed, studies where defect creation and annihilation are allowed [28, 47] , indicate that the contribution of defect pairs is the largest in the unbuckled regime (
In this regime, the energy is reduced by the additional defects; thus, the Γ b νK value is slightly larger, at least in the finite-temperature studies [28, 47] , when such additional defects are allowed. In some of these works, the volume enclosed by the membrane is preserved through the buckling transition [2, 44, 47] , as in the liquid droplets; other studies allow the enclosed volume to vary [16, 29, 45] . Controlled inflation and deflation of membranes has been studied as well [14, 44] . In general, the buckling transition does not strongly depend on volume conservation [44, 47] . However, the role of the additional defect pairs is more pronounced when the enclosed volume is fixed. To preserve the enclosed volume, the buckled shape is more rounded than a true icosahedron, so that the in-plane lattice stresses are not fully relaxed, giving rise to spontaneous formation of additional defect pairs [47] . Finally, multicomponent membranes with elastic heterogeneities have been studied by energy minimization, with the volume unconstrained and the triangulation preserved. In these works, segregation of the softer component to vertices and edges of the membrane allows partial, rather than complete, faceting to be achieved [29, 48] , as observed in some experiments [24, 27] . The effect of a non-linear term in the bending energy [29] , as also spontaneous curvature contributions [45] , may yield non-icosahedral shapes as well, with the facets being either sharp [29] or partially curved [45] . Remarkably, while in the experiments on liquid droplets molecular exchange between the interfacially frozen monolayer and the bulk phase plays an important role, as discussed above, such an exchange has not been taken into account in any of the existing theoretical models. This exchange, with the monolayer phase being subject to grand canonical ensemble conditions, is responsible for surface area minimization in liquid droplets; this term is different from the stretching energy, which actually tends to increase the surface area in the case of the buckling. Only one study considers the energy minimization term [2] . However, this work had the triangulation network preserved, so that the actual incorporation of molecules into the crystalline layer, possibly inducing additional disclinations and dislocations, has not been allowed. In addition, the Y 2D and κ values obtained in this work by direct optical tweezing experiments and theory do not conform [2] to the classical thin plate theory [14, 16] . According to the classical theory, Y 2D /κ = 12(1 − ν
, where h ≈ 2 nm is the thickness of the interfacially-frozen monolayer. The disagreement with the classical Y 2D /κ relation suggests that the continuum elasticity, the basis of most buckling models, may become invalid at a scale of individual molecules. Clearly, at least in the case of the liquid droplets, additional theoretical work is called for to settle these issues and to describe the phenomena of faceting and tail growth.
Concluding remarks
We have briefly reviewed some of the experimental and theoretical work on buckling in closed two-dimensional crystals. Particular attention was given to the recent experiments, where faceting of liquid droplets has been detected. In this work we mainly focused on systems where buckling occurs due to cocrystallization of molecules bearing single linear alkyl tails. However, several important experimental systems where icosahedral shapes have been observed had to be left out: large viruses [16, 45, 49] , carboxysomes [50] , and nano-shells [51] , to mention but a few [46] . Much of the theoretical insight into the driving mechanisms of buckling may possibly be extended to some or all of these systems. The interplay between the local order and the topological constraints is a subject of intense research in a wide variety of fields, including, but not limited to, active nematics on a spherical shell [52] and toroidal liquid crystalline objects [53] . These studies not only reveal the beauty of the fundamental geometry of nature, but can also be employed in the future to control spontaneous self-assembly of complex shape objects, allowing new building blocks to be formed for future metamaterials.
(a) (b) Fig. 6 . The inextensible limit (Γ νK → ∞) of a defect-containing membrane. (a) A pentagonal patch, connected to hexagonal patches of the same edge length. For a planar lattice to be formed, the bonds must stretch, which is impossible at the inextensible limit. Sector-shape mismatches, incurring an energetic cost which grows linearly in the total area of the lattice (R 2 ), make the membrane buckle into the third dimension (b).
